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Abstract 
Stegall, C., The topology of certain spaces of measures, Topology and its Applications 41 (1991) 
73-l 12. 
We continue the investigation of a class of topoiogicai spaces we introduced earlier. The main 
utility of this class is the study of GQteaux differentiation in Banach spaces and, hence, the 
classification of Banach spaces. In particular, we consider noncompact spaces in this class, as 
well as spaces of measures on these spaces. We show how several other classes of spaces introduced 
by various authors are related to our class. 
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1. Introduction 
We continue the investigation we began in [32,33] of a certain class C of 
topological spaces. We introduced this class to facilitate the study of Ggteaux 
differentiation of convex functions defined in Banach spaces (for much more about 
this, see [37,35]) but there have also been applice~i~ns in the isomorphic theory of 
Banach spaces, particularly the classification of C(K) spaces (the Banach space of 
continuous functions on the compact space K). There have also been a number of 
recent papers in general topology studying related classes of spaces. Of course, the 
problems concerning GGteaux differentiation are not purely topological in nature 
but what does help is information about the topological structure of the space of 
nonnegative measures on compact spaces. One of the techniques, that of minimal 
mappings, is very old [2]; we have even used this technique in Banach spaces as 
long ago as [ 141. The class C may be briefly defined in the following way: a Hausdorff 
space T is in C if given any upper semicontinuous compact valued map @ that is 
defined on a Baire space B with values in p( T) then there exists a (single valued) 
function f: B + T such that f(b)E and f is continuous at each 
* This material is based on lectures in Linz in the winter of 1987. 
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point of a dense Gs subset of B. This is one of many equivalent definitions; see 
Section 4 and 1331 for a discussion of the various definitions. In [35] we studied 
the class K of k-analytic spaces in C It is easy to see that C contains all metric 
spaces and it is proved in [35] that analytic spaces are in K. Suppose that X is a 
Banach space such that X* in the weak* topology is in C, V is an open subset of 
some other Banach space Y, g : V + X is continuous, g is Ggteaux differentiable at 
each point of a dense G6 of V and $: X + R is continuous and convex; then the 
composition fo g is Ggteaux differentiable at each point of a dense Gs of V. The 
proof of this result is found in [35] where it is also shown that the derivative of 
fo g cannot be obtained by a chain rule in the usual way. We obtain a number of 
topological results that may be of independent interest. Some of our results are 
repetitious but no proofs are repeated. These different proofs could be used to make 
finer determination of the various classes of topological spaces involved. For 
example, some of the results in Section 7 can be deduced from the formally more 
general setting of Section 8. We close with a discussion of various examples that 
show the interaction of these ideas between functional analysis and topology. 
2. Definitions and notation 
For any undefined notions see [7,17,35]. All spaces considered are HausdorfI. 
Many results do not require any regularity assumptions and in some cases we 
specifically mention that we do not assume complete regularity. When dealing with 
measures we assume that the spaces involved are completely regular. A Baire space 
is a space in which no nonempty open set is first category. A function @ : B + C( T), 
C( T) is the power set of T, is upper semicontinuous if for any closed subset C of T, 
{be& @(b)nC#0} 
is closed; an USC compact valued map is minimal if it does not properly contain (as 
a relation in B x T) any other USC compact valued map. We always assume that 
each G(b) is not empty. We use without stating the well-known and trivial duality 
between perfect maps and USC compact valued maps (if more information is really 
required see [2] or [33]). We shall constantly use the following equivalences for an 
USC compact valued map @ : B + C( T): 
(i) @ is minimal; 
(ii) for each closed subset F of T and each open subset U of B so that 
@(b)nF#B for each be U we have that @(U)=U(Qi(b): be U}r F; 
(iii) for any b E B, any t E Q(b), any open sets U and V with b E U and t E V 
there exists a nonempty open subset W of U so that @( W) E V. 
The above equivalences are contained in the foliowing proposition. 
roposition 2.1. Suppose that p : T-, S is perfect onto. Then p is minimal if and only 
if for any open sets U E T and W c S such that p( W) n W # 0 there exists an open 
set V such that 0 + Vc, pl U) g Wand p-‘( V) s U. 
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Proof. If p has this property and @f U E T is open then p-‘(int p( U)) # 0. This 
proves that p( T\ U) # S and that p is minimal. Suppose that p( U) n W f 0. Observe 
that U\p-‘(S\ W) f 0. Thus 
(T\U)up-‘(S\W)Z T 
and 
v=S\((p(T\U)u(S\W))= wn(S\p(WJ)) 
is the desired set. Cl 
An immediate consequence is the following: 
Lemma 2.2. Suppose that p is a minimal perfect map from T to S, F G T closed and 
U is an open subset of S such that Us p( F ). Then 
p-‘(int U)E F. 
Let T be a topological space and U the nonempty open subsets of T. We shall 
say that T admits a tactic (precisely, an a-favorable tactic, see [3]) if there exists 
a function s: U + U so that s( U) c U and if { U,,} is any sequence in U so that 
S( U,) 2 Un+l then 0 z n, Un. 
Proposition 2.3. Suppose that p is a minimal perfect map from T to S and that S admits 
a tactic s. Then T admits a tactic s’. 
Proof. If 0 # U is an open subset of T define 
s’( U) = p-‘MS\ P( T\ Wb 
It is completely routine to check that this works. Suppose that 
un+* E s’( uA= 
If we define 
then 
K = S\P( T\ WA 
V”~S\~(T\U,)~_~(U,‘,ES’(V,_,). 
Since n, Vn Fc &!l we have that n, p.-‘( Vn) P @. Clearly, p-‘( V,) c_ s’( V,_,) and this 
completes the proof. 0 
Definition. If SG T then S is an F-Souslin subspace of T if S can be obtained by 
applying the Souslin operation to closed subsets of T 
Definition. A completely regular space A is tech complete if it satisfies any one of 
the following equivalent conditions: 
(i) A is homeomorphic to a Gs subset of a compact space; 
(ii) A is Gs in PA, the Stone-tech compactification of I$; 
(iii) A is G8 in any space (completely regular or not) in which it is densely 
embedded. 
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We require the well-known result that the following are equivalent for a space T: 
(i) T is homeomorphic to a complete metric space; 
(ii) T is homeomorphic to a G8 subset of a complete metric space; 
(iii) T is metric and Tech complete; 
(iv) T is metric and if i : T + M is any embedding into a metric space A4 then 
i(T) is Gs in M. 
Definition. If T is a topological space define 
* A(T): the smallest algebra of subsets of T containing the closed sets; 
0 B(T): the Bore1 subsets of T; 
0 C(T): the tech complete subsets of T; 
l D(T): the smallest a-algebra of subsets of T stable under the Souslin operation 
that contains B(T) and 
0 BP ( T): the smallest a-algebra of subsets of T that contains B( T) and the first 
category sets. 
The theorem of Szpilrajn-Marczewski says that Bp( T), the Baire property sets, 
is stable under the Souslin operation (see [35] for a proof) and each S E BB( T) has 
the representation S = U A F where U is open and F is first category. 
We make the following observation concerning A(T): given any finite subset F 
of A(T) there exists a finite subalgebra A of A(T) such that each atom of A is the 
intersection of an open and a closed set and F c A. An easy induction argument 
on the cardinality of F verifies this. 
Proofs of the following can be found in [34,19]. 
Lemma 2.4. Let B be a Bake space, { U,, : CY E r) a collection of open sets whose union 
is dense in B and let { N, : CY E r) be a collection ofjirst category sets. Then Uu Urn\ N,, 
contains a dense GA subset of B. 
If T is a topological space a Radon measure on T is a measure on ?{ ?> C& i% 
inner regular with respect o compact sets. 
3. tech analytic spaces 
The main definition and all of the results of this section are due to Fremlin 191. 
The class of tech analytic spaces provides a very good setting for our results. 
Definition 3.1. A topological space T is tech analytic if there exist a compact space 
K, a Polish :pace M and SC, K x A4 such that S is Tech complete and $ is 
homeomarphic to pry& (5). 
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We shall not give proofs to the following results. Those readers not acquainted 
with [9] should take Theorem 3.2(iv) as the definition, which is usually our approach 
to tech analytic spaces. 
Theorem 3.2. Let K be compact and T s K. The following are equivalent: 
(i) T is tech analytic; 
(ii) there exists a tech complete S E K x NN such that projK (S) = T; 
(iii) there exists a Bore1 set S c K x NN such that proj, (S) = T; 
(iv) there exists a Souslin scheme 
{S([lk): kEN, @N”} 
such that each S(r)k) is an open or a closed subset of M and 
T = u n S(#). 
4 k 
Theorem 3.3. 7ibe following spaces are all tech analytic: 
(i) completely regular k-analytic spaces; 
(ii) tech complete spaces; 
(iii) any Bore1 subspace of a tech analytic space; 
(iv) a subspace of a completely regular space obtained by applying the Souslin 
operation to a Souslin scheme of tech analytic spaces. 
Theorem 3.4. tech analytic spaces are universally measurable. 
4. T&e class C 
The following result is from [32,33] where the utility of (iii) is shown in connection 
with differentiation problems. 
Thctwern 4.1. Let B be a Baire space and T any space, ne following are equivalent: 
(i) any minimal USC compact vah~e!R map @ dejhd tijn B with values in T is point 
valued at each point of a dense Gs subset of B; 
(ii) given any USC compact valued map @ dejned on B with values in T there exists 
a function A : B + T such that h is continuous at each point of a dense Gs subset of B 
and h(b)E Q(b) for all bE B; 
(iii) suppose that we are given topological spaces C, S and R, C E T x R and 
continuous functions p : C + S and g : B + S so that p is perfect onto; then there exists 
a function A : B + T such that A is continuous at each point of a dense G6 subset of B 
and 
({h(b)}xR)nC#B and 
pU{A(W) x R) n 0 = k(b)l. 
For a sharper version of this see 4.4 of 6351. 
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Theorem 4.2. Let B be a Baire space and @ : B + 4 ( T) an USC compact valued map. 
Suppose that A is an F-Souslin subset of T Then 
(i) the set {b: @(b)nA#@} is a Baire property subset of B (it is of the form 
U A F where U is open and F is just category); 
(ii) there exists an USC compact valued map I/? : 0 + b(T) such that for all b in a 
dense G8 subset of U we have that e(b) c @(b) A A; 
(iii) if A is in C and @ is minimal, then @(b) is a one point set for each b in a 
dense G8 subset of tt. 
Theorem 4.3 (“Charting”, [343). Let X be a Banach space and @ a minimal USC 
compact valued map (with respect to the weak” topology) frop the Baire space B to 
X*. Define for each 6 > 0, 
U,=(Wc B: Wisopen, thereexists&rX*sothat 
Kw is weak* k-analytic, Kw E Cand 
{b E W: Q(b) n ( Kw + B(O,6)) = 0) isfirst category in W). 
Suppose that for each 6 > 0, Us = U { U E Us) is dense in B. Then there exists a dense 
GG subset G of B such that for each b in G, @( b) is a one point set. 
5. Residual Ramsey sets 
Observe that Propositions 5.1 to 5.3 do not require complete regularity. 
Proposition 5.1. Let B be a Baire space and @ a minimal upper semi-continuous 
compact valued map into the space T. Define 
B = (E s T: there xists a dense G8 subset G c B such that 
@(b)s Eor@(b)n E =@forbEG}. 
Then B is a o-algebra stable under the Souslin operation that eontains the bore1 subsets 
of T. 
Proof. Clearly, B is closed under complementation. Suppose that E and F are in 
B and let G and H be dense GB subsets of B corresponding to E and, respectively, 
F. If b is in G n W and D is in the smallest algebra of sets determined by E and 
F then @(b) c D or a(b) n D = 0. This proves that B is an algebra. Suppose that 
{E (tin)} is a Souslin scheme in B. Define G( eln) to be a dense G8 subset of B 
associatedwithE(rJn).LetG=n{G(Sln):S,n}.ThenifbisinGandQi(b)nEfO 
where 
E =Un m!n) 
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is the result of the Souslin operation then for some particular 
oon(n E(51n)) #0. 
n 
It follows tha: 
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This proves that if b is in G then @( 6) s E or @( 6) n E = $3. We have that B is an 
algebra stable under the Souslin operation hence it must be a o-algebra. If E is a 
closed subset of T let 
G={b: @(b)n E =B}vint{b: @(b)n E St@}. 
Since @ is minimal G is an open dense subset of B and for 6 E G, e(b) c E or 
@(b)n E =0. Cl 
A subset E of T that is in will be said to be residual Ramsey with respect to @. 
Proposition 5.2. With the hypothesis as above (Proposition 5.1) suppose that f : T + IR 
is a Bore1 function. Then (b E B: f is constant on G(b)) contains a dense G6 subset 
of B. 
Proof. If f is a simple function this 
Suppose {fn} is a sequence of simple 
f: Define 
follows immediately from Proposition 5.1. 
Bore1 functions that converges pointwise to 
G,, = {b E B: fn is constant on l @(b)). 
Clearly, if b is in n, G, then f is constant on G(b). Cl 
3, With the hypothesis as above (Proposition 5.1), deJne 
:(bEB:@(b)nEffl} is a Bake property subset of B). 
Then A is a a-algebra that contains the ore1 subsets of T and is stable under the 
Souslin operation and for each E E bEB: @WnE#01 di$ers from (bE 
B: @(b) c Ej by a set of the first category. 
roof. For each E in define B(E) = (b E B (b)n E #0} and choose G(E) a 
dense G6 subset of B that fulfills the residual sey condition with respect to E* 
Clearly, contains the closed sets and is closed under countable unions. Suppose 
E is in then 
B\B(E)c B(T\E)c( 
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Since B\, B( E) is a Baire property set and B\G( E) is first category this proves that 
T\ E is in A. Similarly, if E and F are in A then E n F is in A because 
B(E)nB(F)nG(E)nG(F)cB(EnF)sB(E)nB(F). 
This proves that A is an algebra. Suppose that (E (tin)} is a Souslin scheme in 
E =Un E(51n). 
c n 
The theorem of Szpilrajn-Marczewski says that 
H = U f-l B(Wln)) 
S * 
is a Baire property subset of B. Let G = n { G( E @In)): 5, n}. We claim that 
HnG=B(E)nG: 
beHnG 
iffbEGandforsome&,bEn,B(E(#)) 
iffbEGandforsomeeandalln,@(b)nE(&r)#@ 
iff b E G and for some 6, @W c fL E(tln) 
iffbEGand@(b)cE 
iff bEGand be B(E). 
Thus B(E)=(HnG)u(B(E)\G) is a Baire property set. Cl 
space and dejne M+( T) to be the space offmite, Proposition 5.4. Let T be a compact 
nonnegative and inner regular measures on T in the weak” topology. Dejne 
D={Ec T: KE : M+( T) + I$ defined by 
KE(~) = p(E) is a Borelfunction on M’(T)). 
Then D is a a-algebra containing the Bore1 subsets of T. 
Proof. If E is a closed subset of T, then the function J: M+(T) + [0, l] defined 
by J(p) = p(E) is upper semicontinuous. The elementary formula p (E\ F) = 
p(E) - E.C( E n F) shows that D contains the algebra generated by the closed sets. 
Also, D is a monotone class. Thus D contains the a-algebra generated by the closed 
sets (see [35]). Cl 
We require the following lemmata later. 
Lemma 5.5. Let B be a Bore1 subset of the compact space T. Then M+(B), the 
nonnegative measures on T that are supported on B, is a Bore/ subset of C( T)“, where 
C(T)” has the weak* topology. 
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Proof. Definef:M+(T)-,IW3byf(~)=(~(B), p(T\B), 1I~I)).Thefirsttwocoordin- 
ates are Bore1 measurable and the third coordinate is lower semicontinuous. Thus 
f is Bore1 measurable and 
f_‘{( r, 0, r): r E w} 
is a Bore1 set. Cl 
Lemma 5.6. Let p be a measure on the compact space T, let B be a measurable subset 
of T and let ( Ua) be a collection of open subsets of T such that ( Ua A B) is a pairwise 
disjoint collection. Then 
Proof. Choose E > 0 and a compact set K such that 
KcU(U,nB) 
Q 
and 
dK)+~>~(U(U,nS)). 
Some finite subcollection ( Ui: i c n} of { I&} covers K. Thus, 
> -E<~(K)~C~(UinB) i 
We know of at least two places in the literature where the preposterous claim is 
made that counterexamples, even compact ones, exist to the following theorem. 
This seems to have come about because some attempts to generalize the results in 
[32,33) were based on an incomplete understanding of the results there. 
Theorem 5.7. Suppose that K is compact, T E ( K ) and T has the following property: 
if @ is any minimal USC compact valued map with values in T defined on any tech 
complete space B then @ is point valued on a dense Gs subset of B. It follows that if 
9, is any minimal USC compact valued map with values in T defined on a completely 
regular Bake space B then @ is point valued on a dense G6 st;bset of B. 
Proof. Suppose that Qi is a minimal USC compact valued map defined on the Baire 
space B with values in T. We may extend @ to a minimal USC compact valued map 
6 defined on /3B with values in M in a unique way. 
G ={(b, t): be Band tE Q(b)}. 
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Define G to be the closure of G in PB x K. For 6 in /3B define 
&6) = proj,,(({g} X K) n 6). 
It is routine to check that 6 is a minimal USC compact valued map with the property 
that for bE B, &b)=@(b). Since TED(K), 
G={& &(6)n Tf4)) 
is a Baire property subset of PB and differs from 
H =(d: &(b)c_ T) 
by a set of the first category. Suppose G = U A IV1 and H = U A IV2 where U is 
open and N1 and A$ are both of the first category in PB. Since B is a Baire space 
and Bc, H we have that U is dense in PB. Let C be a dense Gs subset of 
U\( N, u Nz)< Since C is tech complete we have that &]C, which takes values only 
in T, takes single point values on a dense Gs subset D of C. Thus @ is single valued 
on D n B, which is a dense Gs subset of B. Cl 
An interesting consequence of this result and the example in [43] is that if S is 
an uncountable discrete set then C(pS) in the simple topology is not in D(K) for 
any compact K. 
In the following we may replace the weak topology by the weak topology generated 
by the extreme points of the unit ball of the dual X* (see [35]). 
Theorem 5.8. Let X be a Banach space and suppose that X in its weak topology is 
homeomorphic to an element of D( K) for some compact space K. Let Qi be a minimal 
USC compact valued map, with respect to the weak topology, dejned on the completely 
regular Baire space B with values in X. Then @ is single valued at each point of a 
dense Gs subset of B. 
Proof. A well-known theorem of Namioka [22] (see also [39,41]) says that this 
result is true if B is a tech complete space. Applying Theorem 5.7 we have that 
there exists a dense Gs subset G of B such that @ is norm continuous at each point 
of G. If U is an open subset of B and the diameter of @(U n G) is tlo bare 5~ 
E > 0 then the diameter of @( U n G) 2 @(U) is also no more than E. 
6. Dense met&able subspaces 
In the following lemma it is not required that T and S be completely regular. 
Lemma 6.1. Suppose that C is Tech complete and p : C + T is perfect onto and T is a 
dense subspace of S. Then T is a G8 subset GAS. It follows that S is a Baire space. 
Proof. Let /3C\C = Un Cn where each C,, is compact and C,, E Cn+, and define 
= { W: W is an open subset of s and p-‘( W)Oc n C,, = 0). 
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Fix n and let W # 0 be an open subset of S and choose t E W n T. Since p-‘(t) is 
compact here exists an open subset U of /3C such that p-‘( t) c U and UPC n C, = 0. 
Since p( C\ U) is a closed subset of T we have that t E w\p( C\U)’ and 
We have proved that T s n, v { WE Wn}* Suppose that 
Choose Wn E Wn SO that s E Wn. Observe that 
K =np-l(wn)fic 
n 
is a compact subset of C. Since S is HausdorfI there exist disjoint open subsets W’ 
and W” of S such that s E W’ and p(K) c W”. Choose 
The sequence {cn} has a cluster point co E K which implies that p( co) E W’ which is 
a contradiction. If we let D be a minimal closed subset of C such that p(D) = p( C), 
then D is also Tech complete and a minimal perfect image of a Baire space is a 
Baire space (see [7]). It follows that S is a Baire space. Cl 
The following result is due to a number of authors before 1967 (see [7, p. 422 ]
for references and a proof). 
Theorem 6.2. Suppose that f : T + S is continuous, open and on to where T is Tech 
complete and S is paracompact. Then there exists a closed and Gs subset C of T such 
that pl C is perfect on to S. 
We require the following related result, which ~rrobably is as old as the result 
above. It is only required that C be completely regular, which is part of the definition 
of Tech complete. Observe that the set C n F defined below is also a tech complete 
space. 
Theorem 6.3. Suppose that C is tech complete and p : C + T is perfect onto and T is 
a dense subspace of S. Suppose g : S+ R is continuous, open and onto. Then there exist 
a G8 subset D of C, a closed subset F of C and a dense Gs subset H of R Such that 
f: D n F + H is perfect onto where f(c) = (g 0 p)(c). 
Proof. Firstly, assume that p is minimal. It follows easily that both S and R must 
be Baire spaces. Let pC\C = Un C,, where each C, is co 
0= COG G, C Cfj+l 
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Wn = { W: W is an open subset of S and p-‘( W)sc n C,, = 0). 
Each Wn is not empty because p is minimal (use Proposition 2.1). Define = 1s) 
and choose Un maximal with respect o the following properties: 
(i) U,c W,; 
(ii) {g( U): U E U,,} is a pairwise disjoint collection; 
(iii) if UE Un+l then there exists a U’E U, so that C n p-‘( U)Oc c_ p-‘( U’). 
(iv) Un+, is subordinate to Un. 
Suppose that there exists n > 0 so that U {g( U): U E U,,} is not dense in R. Let 
OS 0 be an open subset of R such that 
We may assume that we have the minimal such n. There exists U1 E Un _, so that 
Ong(U,)#@. Choose 0# U+ W,, so that 
u,cg-‘(0)n u,. 
From the minimality of p there exist non empty open sets Q, G C and U3 E U2 such 
that p( 9,) = U, n T. Choose 0 # Q2 and apt n C c 9,. Again from minimality, 
there exist non empty open sets Q3 c Q2 and U4 c_ U3 such that p( Q3) = U4 n T. It 
is easy to see that Un u ( Us} satisfies (i) to (iv) which contradicts the maximality 
requirement. Let D’ = n, u U” and let H = g( D’). We claim that 
H=nu{g(u): tk ~“1. 
n 
Choose Un E U,, SO that Un+, E U,,. Remember that 
p-‘(Un+,)pcn CCP-‘( Un). 
It follows that 
n P-7 u,)fic =Cn np-l(uny- 
n ( II ) 
cnp-‘(U,)Enp-‘(U,)pc’=K - 
II n 
which is a compact subset of C and p(K) c D’. Suppose that 
4 8(U,)\g(P(K))* 
‘n 
Choose 0 open so that g( p( K)) c_ 0 and r@ d and define U = g-‘( 0). It follows 
that g( 0) C_ 6. For all n we have that U,,\u # 0. Choose x, E p-‘( Un\U)- The 
sequence {xn} has a cluster point x in K. Therefore, for large n, p( x,) is in U because 
p(x) is in U. Th’ IS is a contradiction. It remains only to show that gi D’ is a closed 
map. Suppose that F is a closed subset of S and r E H\( g( F n D’)) which means that 
(Fn D’)ng-l(r)=@. 
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Choose the unique U,, E U,, so that r~ n, g( U,). Then E E D’ is compact (the 
arguments of Lemma 6.1) where 
E=n &CD’. 
n 
Then E n F is compact and r E g( E n F). Choose 0 open in R so that g( E n F) G 0 
and r e 0. As before define U = g-‘( 0). Then E n F 5 U and arguments similar to 
those above show that Un C_ u for some n. Since g( 0) C_ d and we have that 
S=(S\U,)Ug(~), 
FnD’s(D’\U,,)ug(U), 
and 
g(Fn D’)ng(U,)n(R\d)=(2). 
The open set g( Un) n (R\@ contains r and we have shown that glD’ is a closed 
map. It remains only to define D = p-‘( D’) and f = (g 0 p)I D. The general case 
is obtained by restricting p to F where F is any minimal closed set such that 
p(F)=T. Cl 
Corollary 6.4. With everything the same as above except hat we make the additional 
assumption that C is a complete metric space. Then we may findf, D and H as above 
with the additional property that f is a homeomorphism. It follows that R has a dense 
Gs subset homeomorphic to a complete metric space. 
Proof. Repeat he construction above with the additional assumption that for each 
U E U,, we have that the diameter of p-‘(U) is less than 2-” where the diameter is 
in a complete metric on C. This can also be deduced from the above by recalling 
that metric spaces are in C. Cl 
Theorem 6.5. Suppose that C is Tech complete, T is a dense subspace of X, S is in 
and we have the following continuous functions: 
g : S + R open and onto, 
q : S + X minimal perfect onto and 
p : C + Tperfect onto. 
Then there exists a subspace D of S such that qlD is a homeomorphism onto a Gs 
subspace of T and g1 D is a perfect map onto g(D), which is a dense GS subspace of R. 
Proof. Since S is in C there exists a subspace Y of S such that q/Y is a homeo- 
morphism onto a dense Gs subset of T. It follows that Y is also the perfect image 
of a Tech complete space and since q is minimal we have that Y is dense in 2% The 
result follows from the theorem above. El 
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The multivalued version is only diagram chasing. 
Proposition 6.6. Suppose S and T are Hausdor$spaces, C E T is dense in T and C is 
Tech complete and @ is a minimal USC compact valued map defined on T with values 
in S with the following properties: 
(i) a(t) is a point for each t E G where G is a dense G8 subset of T and 
(ii) @(W)=Ute&(t) is open for each open subset W of T. 
Then there exist a Gs subset D of C, a dense G8 subset E of @( T) and f : D + E that 
is perfect and onto where (f(t)} = G(t). 
0ne of the many very special cases of the above can be found in [4]. The following 
result is a folk theorem, and there exist a number of related results in the literature. 
It is, for example, an immediate consequence of the results above. 
Proposition 6.7. Let K be a compact Hausdorff space. The set 
G = ( f E C( K ): f attains its supremum at exactly one point of K) 
contains a dense Gs (in the norm topology) subset of C( K ) if and only if K contains 
a dense subspace that is homeomorphic to a complete metric space. 
Proof. If we define G = {(f, k): f attains its supremum at k}, the following elementary 
observations are classical and a complete proof is an easy consequence of them: 
o projc(K,: G + C(K) is minimal perfect onto, 
0 proj, : G + K is open onto and 
0 proj, I{ (f, k): f attains its supremum only at k} is a homeomorphism. 0 
Corollary 6.8. With the same hypothesis as in Proposition 6.6, if C is in C then E is 
in C. 
We recall the following result from [38]. 
Theorem 6.9. Suppose that K is a compact space and T is a dense subspticG &at admits 
a tactic s in the relative topology. Then the set 
(f E C(K): f attains its supremum on T) 
contains a dense Gs subset of C(K). 
We remark that a completely regular space in K satisfies the hypothesis of 
Definition 6.10, The following generalizes the results of 1381. 
efinition 6.10. We shall define ’ to be the class of Hausdorff, but not necessarily 
regular, spaces such that A is in C’ if there exist a compact space K 
K) SO that S is in C and A is the perfect image of S. 
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Since C is stable under perfect images we have that C’ is a subclass of C 
Theorem 6.11. Let A be in C’ and let T be any subspace of A. The following are 
equivalent : 
(i) T admits a tactic; 
(ii) T has a dense strongly countably complete subspace (see [IO]); 
(iii) T has a dense subspace that is tech complete; 
(iv) T has a dense subspace homeomorphic to a complete metric space. 
Proof. It is known that if T satisfies (ii) then T admits a tactic (see [35,7.32]); (iv) 
implies (iii) and (iii) implies (ii) are elementary.’ Suppose that K is compact, 
E E D(K) and p : E + A is perfect onto. If we replace A by 7 and E by a minimal 
closed subset F of p-‘(F) such that p(F) = F then we may assume that T is dense 
in A and p is minimal. Under these assumptions, p-‘(T) also has a tactic and we 
know that if p-‘( T) has a dense subspace homeomorphic to a complete metric space 
so does T. To finish the proof we may assume that T c A is dense and A E K is 
dense. If we define G = ((f, k): f attains its supremum at k} and define Q, : C(K) + 
b(K) by G(f) = {K: f attains its supremum at k}, then @ is a minimal USC compact 
valued map. Combining previous results we have that 
l {f~ C(K): @(f) n T # 0) contains a dense Gs subset of C(K) and 
(f~ C(K): @(f)nA#@ and @(f)n(K\A)#0} is first category. 
Since A is in C we have that 
{f E C( K ): f attains its supremum at exactly one point of T} 
contains a dense Gs subset W of C(K). From Proposition 6.6 above there exists a 
G8 subset M of H and a homeomorphism of h4 onto a dense subspace of T. Cl 
The same arguments yield the following: if A E C, if there exists a compact space 
K such that A is homeomorphic to an element of W iJ if I- has a tactic and if 
11: ‘F+ A is oyle to one, then T has a dense set of G8 points. 
Theorem 6.12. Let X be a locally convex topological vector space and K a compact 
and convex subset of X. Let E(K) denote the extreme points of K. Suppose there exist 
a space A in C such that A E (9 for some compact S and an into homeomorphism 
f:E(T)+A.ThonE(T) contains a dense GS subset that is homesmorphic to a complete 
metric space. 
. Let K be compact and 5 TG K. Suppose that is Baire3 = is in 
). Then B contains a dense Gs subset at is metrizable. neral 
if B is Baire, B is dense in aire property su then 
contains a dense Gs subset 
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The spaces of Gruenhage 
Among other things, it is a consequence of the theorem of Amir and Lindenstrauss 
[ 11 that weakly compact sets satisfy Lemma 7.1. A standard paracompactness 
argument shows that metric spaces also satisfy this lemma. 
Lemma 7.1. Let T be a Hausdor$ (but not necessarily completely regular) space. The 
following conditions are equivalent: 
(i) there exists a sequence {C,)] of subsets of T and a sequence of collections U,, 
of open subsets of T such that for each n, each t E C,, belongs to exactly one element 
of U,, and { U n C,, : n E N, U E U,) separates the points odf T; 
(ii) there exists a sequence {C,,) of subsets of Tsuch that each C,, admits a partition 
of unity {fn.a : a E r,,) and the collection of functions {xc., fn,a : n E N and (I[ E r”} 
separates the points of T; 
(iii) there exists a sequence {C,)] of subsets of T and a sequence of continuous 
functions & : C, + co& ), where c,( f,, ) has the weak topology9 such that xc,,& separ- 
ates the points of T; 
(iv) there exists a sequence {C,)] of subsets of T and a sequence of collections U,, 
of open subsets of T such that for each n, each t E C,, belongs to only finitely 
elements of U,,, and 
{ V n C,, : n E N, V is the intersection ofjnitely many elements of U,,) 
separates the points of T. 
many 
Proof. Clearly, (ii), (iii) and (iv) are immediate consequences of (i). Suppose that 
we have (iii). Let { fn,a} be the coordinate functions of &,. We may assume that 
each f, Q a 0. For each pair of rational numbers 0 < r < s choose open sets Un,a,r,s 
in T such that 
u n.a,r,s n Cn = ir c fn,a < Sl* 
Define cn.r.s = Cn n (Urn Un.a.r.s ). Clearly, the collections { Cn r.S : n E N, r and s 
rational} and { Un,a,r,s : a E r,,} satisfy ~he conditions of (iv), Th@’ remainder: of 1%~ 
proof is contained in the decomposition method of [12]. Let U be a collection of 
open subsets of T. For each p = 0, 1, . . . define J( U, p) to be those points of T that 
are in exactly p distinct elements of U. Define Up to be that collection of open 
subsets of T consisting of intersections of p distinct elements of U. Observe that 
U ospGy J( U, p) is a closed subset of T for each q and it follows that each J( U, p) 
is the intersection of a closed and an open set. Also, the collection of sets 
(J(U,p)n V: VE Up) 
is pairwise disjoint. The collections satisfying (i) are {J( U,,, p)} and U& . 
Implicit in the hypothesis c;f Lemma 7.1 is that T\U,, C,, has at most one point. 
We may add this one point set to the collection (C,,} and assume that {C,,) covers 
T# 
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Definition 7.2. If T is a Hausdorff space we shall say that S has a G-decomposition 
if it can be decomposed as in Lemma 7.1. That is, we may find {C,} and { Un} 
satisfying one of t:‘?e conditions of Lemma 7.1 and T = IJ,, C,,. 
Definition 7.3 (Gruenhage [12]). An open cover U of a topological space S is 
o-distributively point finite if U = Un { Un : n E N} and for each pair of distinct points 
t and s in S there exists n E N such that (i) there exists U E Un containing exactly 
one of t and .s and (ii) s or t belongs to only finitely many elements of Un. We 
shall call such spaces G-spaces. 
Proposition 7.4. The following are equivalent: 
(i) S is a G-space; 
(ii) S ks Q G-decomposition such that each C,, may be taken to be the intersection 
of a closed and an open set; 
(iii) S has a G-decomposition such that each C, may be chosen in CT). 
Proof. If S is a G-space and {U,} satisfies Definition 7.3 it is easy to see that the 
decomposition 
{J(U,,p): nH,pM} 
and the families ( U,P}, defined as above, satisfy the hypothesis of Lemma 7.1. 
Suppose we have [iii). For each countable family A of open subsets of T define 
X( -4 ) to be the smallest c-algebra of sets stable under the Souslin operation 
containing -A. Clearly, U,, Z(A) = D(T). There exists a A = ( Wq: W4 op?n and 
q E IV} such that {C,} ,C Z(A). The desired decomposition is: 
The remainder follows easily from Lemma 7.1. El 
We remark that any space of cardinality no greater than that of the continuum 
satisfies the conditions of Lemma 7.1 (see Section 9). 
We say that a family of measures i  constant on a set if any two measures in the 
family agree on the set. It is understood in the following that ‘( T) has the weal? 
topology. 
Theorem 7.5. Let T be compact and Qi a minimal use compact valued map defined on 
the Baire space B taking values in “( T). Suppose that C is in 
w a: a! E r) is a collection of open subsets of Tsuch that ( LJu n C: UQ 
disjoint. Then (b E B: e(b) is constant on each U, n C} cotataim a dme G, subset 
of B. 
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Proof. Define 
W’ = { W: W is an open subset of B and there exist a first category 
set N and a finite A C_ r such that for a! E A and 
b E W\N, Q(b) is constant on Ua n C and 
Ir.(UBaA Us) < E for p E Q(b)}. 
Analogous to the Charting Theorem 4.3, it suffices to show that for each 8 > 0, IJ WE 
is dense in C. Firstly, we assume that C is a tech complete space; it suffices at this 
point to assume that C is the intersection of an open and a closed set but we prove 
this case separately in case the reader is only interested in Tech complete spaces _ _ 
and he may ignore the second part of the proof. Without loss of’ generality we may 
make the following assumptions: 
(i) C=u,C, where Ca=CnUa; 
(ii) U = T\c; 
(iii) there exists an increasing sequence (C”} of closed sets ((U,, C,) n C) = 0 
and DuC=c whereU,C,=D; 
Let W be a non empty and open subset of B and E > 0. Let 
HI = {b: G(b) is constant on each A in the algebra 
generated by { U, C, C, : n E N}}. 
Then FI = B\H, is first category. Define 
K.wl = 
I 
b: sup p(C)-~(C,,,uC)0/8 . 
c(E@(b) I 
Then B\U, Hz,,, is first category. There exist W, c W that is open and q EN such 
that W,\ Hzep = F2 is first category. There exist W, c W, , F3 first category and real 
numbers r, s and t such that for b E W,\ F3 and p E G(b) we have that 
Fix v in @( W2\( F, u F2 u F3)), choose a finite set A c_ r, choose ftir each cy c A a 
compact set K, c C, so that v(U, E,a K,) > t -& and choose a compact set K,c U 
so that v( K,,) > r -$. Observe that 
Let jY T -, [0, l] be a continuous function such that 
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Thus, 
I fdv>r+t-9s. 
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The function g + Jf dp is continuous so there exists an open set W, G W, so that 
I f dp>r+s--$E for PE W,. 
Let p E @( W,\( F, v F2v F3)). Observe that 0s f +xcq s 1 and 
I (f+~~)d~~(I~((cr+s+t+~&. Y 
Also, 
I 
(f+~c Y ) dcL>r+s -+&+p(Cq)>r+S -$+_u(D)>r+s+t-$. 
Therefore, 
We may find yet another first category set F4 so that for b E W,\( F, w F2 v F3 v F4) 
we have that a(b) is constant on each C, where Q! E A. This proves that U WE is 
dense in T for each cy E A. Retaining the same notation, we assume only that 
C E D(T). Let Ji for i = 0,l be the points in T that belong to, respectively, none 
and exactly one element of U As pointed out before, Jo and JOu J1 are closed. 
Recall that each element of A(T) can be written as the disjoint union of intersections 
of sets of the form A = U n F where U is open and F is closed. Choose an increasing 
sequence A,, of finite subalgebras of A(T) such that Ji E A, for i = 0,1 and C is in 
the smallest a-algebra stable under the Souslin operatkn that contains u A, = 
Define 
G={bE B: G(b) is constant on A, 9(b) Is constant on each A E A, 
andAnJtn Ua forAEA,and Ua in U). 
Observe that 
{Aj : 1 Gj G I} is a partition Of a” 
I 
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is an algebra that contains A, and for each b E G, @(b) is constant on each A E A’. 
Fix b E G and p, VE G(b). Since I_L and v agree on A’ and the class of sets where 
they agree is a monotone class we have that or. and v agree on a o-algebra C’ 
containing A’. Define 
Z=(E AN: EEXand(E.c+v)(N)=O}. 
It follows from the Szpilrajn-Marczewski theorem that C is stable under the Souslin 
operation. Thus, p and v agree on C. Cl 
Lemma 7.6. Let p and v be nonnegative measures on the compact space T Suppose 
that N and C are subsets of T and A is a countable algebra of sets such that each A 
in A is both p and v measurable and p(A) = v(A). Suppose that the p + v inner 
measure of C is 11~ II+ 11 v/ and the p + v outer measure of N is 0. If we suppose that 
A separates the points of C\ N then p= v. 
Proof. Let E > 0. Write A = Un A, as an increasing sequence of finite algebras. Let 
(Ani} be the atoms of A,. Choose K,i compact SO that . 
Kn,i G An,i n (C\N) 
and 
1 I(P + v)(A,i\ Kn i )I < !E* .
n,i 
Define 
K =fI U Kn,i and fn,i =xKr\K,,, - 
n i 
Observe that {f&l separates the points of K and that the product of any two elements 
of {fn,i} is either zero or an element of (Jn,i}. The Stone-WeierstraB theorem says 
that any continuous function on K can be uniformly approximated by functions in 
{ 
g = C riJ;a,i : riER,nEN . 
i I 
For such a function g = Ci rif,,,i we have that 
II K gd(p-v)( <(:E)(SUPJril)* 
This proves that llxK (p - v)II < $. We also have that (CL + v)( T\ K) < $. This proves 
that 11~ - VII < E and the proof is complete. 0 
Theorem 7.7. Suppose that T is a G-space and a subspace of the compact space K. Then 
is in 
+(T)={PE +(K)r thep innermeasureof Tis llpll} 
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Pm& Let {C,) and (v,}, v, =(U,: a E rf.,} satisfy the definition of G-spaces. It 
follows from Theorem 7.5 that there exists an algebra A of subsets of T such that 
Cn n U is in A for all n E N and all U E Un and there exists a dense Gs subset G 
of B such that Q(6) is constant on each element of A for each b E G. Fix 6 E G 
and p, v E @( 6). Define 
N=U{UnC,: ndW, UE U,,,(fi+v)(UnC,)=O}. 
It follows that (p + v)N = 0. There remain countable sets A, c & such that 
Let A, be a countable subalgebra of A that contains 
K, n U, : a E Al 
for each n. Lemma 7.6 says that or. = v. Cl 
8. Woofs 
Originally, our results were for the spaces defined in Section 7, but we have since 
shown, in response to a question of Jayne, that we may obtain the analogous results 
in what is a more general case. We would like to thank Gruenhage for pointing out 
that any uncountable ordinal interval is not a G-space, but do have disintegrating 
metrics, which is a consequence of the Radon-Nikodym property (see Section 9). 
The spaces under consideration here are the obvious abstraction of the Radon- 
Nikodym property in Banach spaces. This formal abstraction has been considered 
by Jayne and Rogers [ 171 and in a forthcoming work of Namioka [23]. Suppose T 
is a space and U = { Ua : 14 cy s y} is a collection of open subsets of T indexed by 
a well ordered set, usually taken to be an interval [l, r] of ordinals. If S ,C T and 
for every 1 +~<jMrwehavethatSnU,cSnU,,thenweshallsaythat Uis 
ordered on S. Observe that if we define 
then V is ordered on the entire space T and V, n S = U, n S for all ac s y. Given 
any U = {U, : 1 s cy s y} that is ordered on T, by defining V, = U, for w 6 cy c ‘y, 
V, =fd, V, = U,,_, and V.+, = T we may also assume that the first element is always 
the empty set and the last is the space T. We shall define a well ordered family of 
open sets such that the first element is the empty set and the last is the space T to 
beawoof.‘If U={U~:l~cu+y}isawoof,thentheatoms(A,:1~a~y}of !Z 
are defined by A, = (3 and for I < Q! 
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If U is a woof. denote by a(U) the set of atoms of U. A woof U refines a woof V 
if V G U and a woof U disimregrates a woof V if every atom of U is contained in 
an atom of V. 
Definition 8.1. If for i = 1,2 we have woofs 
Ui = { U,a, : (Yi E fi} 
then we define 
and 
Clearly, U1 * V, is a woof (& x fz has the dictionary order) that refines U, and 
disintegrates U2. 
Proposition 8.2. Given a sequence of woofs { Un : n E N} then there exists a sequence 
of woofs { Vn : n EN} such that 
V ?l+1 rejnes Vn, 
V,, disintegrates U, . 
Proof. Define VO = (0, T} and V,, = V,_, * Un for n E N. 0 
Definition 8.3 [ 181. A space T has a metric d that disintegrates T if for any E > 0 
and any S c T there exists an open subset U of T such that U n S # 0 and diam 
( V n S) < E where the diameter is in the metric d. 
This next result was also obtained by Namioka 1231. 
Theorem 8.4. A space T has a metric d that disintegrates T if and crljy y WX ~&~a 
a countable number of woofs that separate the points of T. 
Proof. Given the metric d choose an ordinal y such that the cardinality of the 
interval [ 1, y] is greater than the cardinality of T. For each n and ar s y choose a 
closed subset C,., such that 
C n.1 =T for all n ; 
c n,a C C, p 
C n,a =& 
ifa<cY; 
, 
n.P if ar is a limit ordinal; 
@<a 
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and 
diam(C,JG,,+,) < lln 
Define U, = { T\C,,, : QI s y}. This works. Assume that there exists a countable 
number of woofs U, that separate the points of T and that U,,+, refines U,,. Let 
{A n,a :nEN,ady} 
be the atoms of Un. Define d, : T x T + R by d, (S, t) = 1 if s and t are in different 
atoms of V, and d, (S, t) = 0 otherwise. Clearly, dn is a pseudometric and d = C,, 2-“dn 
is a metric. For 0 # S G T define 
an = min{ a : A,, n S # 0). 
We have that 
An,un n S = un,u,, * S 
and diam(A,,,, n S) < 2-” which is the desired conclusion. 0 
Proposition 8.5. If T is a G-space then there exist a countable number of woofs whose 
union constitutes a To family of open sets. 
roof. Observe that if U = (UP : p E r} is any collection of open subsets of T such 
that 
(u,nS:PEr} 
is a partition of S then an arbitrary well ordering of r has the property that 
is ordered and if s1 and s2 are in S and 
SlE K ifandonlyif SUE Va 
for all cy then there exists a /3 such that s1 and st are both in UP. See Section 7 for 
more details. El 
We need a trivial result analogous to Lemma 5.6. 
Lemma 8.6. Let be a woof in the space T and p 2 0 a measure on T. Then p is 
supported on a countable number of atoms of 
Proof. Let K G T be compact and y ( K ) > 0. Choose cy minimal so that p ( 
0. It follows from inner regularity that 
P(K&Ja &))=O. 
We have shown that for 
A so that p(KnA)>O. 
t K of positive measure there exists an atom 
ws iFI- inw3= arity. II 
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Theorem 8.7. Let T be compact and @ a minimal USC compact valued map defined on 
the Baire space B taking values in ‘(T). Let V=(V,: Ida!< y) be a woof in T 
and B c B( T) an algebra such that for each a there exists a dense Gs set B, c_ B such 
that @(b) is constant on V, n A for each A E B, each a! and each b with b E BU. Let 
A be the smallest o-algebra of subsets of T that is stable under the Souslin operation 
and contains a( V) v B. Then 
(be B: @(b) isconstant on each AE A) 
contains a dense Gs subset of B. 
Proof. From monotonicity and the Szpilrajn-Marczewski theorem it s&ices to verify 
the result for A’, the smallest algebra of subsets of T that contains a( V) u B. Observe 
that for b E int{ b: 0 E e(b)} we have that G(b) = 0. We shall assume that for all 
b E B and all p E (P(b), we have that 11~ II> 0. We begin by assuming that B = (0. T}. 
It is clear that for any open set U E T and any r E R 
is an open subset of M+(T). Also, for an open subset 0 of M’(T) 
(bE B: @(b)E 0) 
is an open set and differs from 
by a set 
Define 
Since Qi 
(be B: @(b)i70#0} 
of the first category. For each r > 0, define 
M~={~:~~Oand~(V,):~r}. 
B n,nr = int( b: 11~ II > ( m - 1)/n for all I_L E G(b) and 
@(b)n(v: IIz#m/n}#0}. 
is minimal we have 
B,,.,, c (~1 (m - 0ln < II 41 s ml4 
and UOsnl~w B,, is dense in B for each n E N. Fix B,, with m 2 2. For 0~ r d 
(m- l)/ n define 
= W: W is open, WE B ,,,,, 1 and for some (Y, 
We need to show that U is dense in B,,.,,, foreachO<r<(m-1)/n. Fixanopen 
W,,c B,,,,, and chosse (Y() to be the minima! ey such that @( W,) n MFx Z 0. Since @ 
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is minimal, there exists an open WE W. such that @( W) E ML,. we have proved 
that U W, is dense in B,,,. The set 
G= n uW, n,m 
Ocrs(m-1)/n 
r rational 
is a dense Gs subset of Bn,m. Suppose that b E Gn,m, p, v E G(b), and p( V,) < v( V,). 
Choose a rational r such that 
Since 6 E W, there exist an open set W, b E W and p so that 
This is a contradiction. This proves that for b E G,,,m and p, v E @( 6) then 
for all cy. For b E G = n, Um Gn,m, @( 6) is constant on each V,. Applying the 
results of Section 7, we know that @(b) is constant on each element of A’. The 
general case requires omewhat more complicated notation. For n, m 2 1 define for 
each k=O,...,m-1 
QCi n m.k = 4 W: W is open, WC Bn,m, @( W) c Mk’” 
Observe that (Q:mqk : 1 s a~ s y) is a pairwise disjoint collection. The arguments 
above show that Ua Q:“*” is dense in Bn,m and for 
6 E (7 U Qyavk 
Oskcm cx 
and p5 v E @( 6) we have that [(p - v) V, 1 s l/n for all Q. Suppose that 
for some choice of (aj : 0 Sj =c m}. It follows t;hat 
By hypothesis there exists a dense G8 subset G c_ W such that for any A E any 
u E 1 vu,, vq 9 l l l 9 KY,,,_, 9 n, 
any b E G and any p, v E Q(b) we have that 
@(An U)= v(An U). 
For Ad# andj<m-1 and ajsa<<j+l, (or cr,_,<cz) we have that 
l(l,~ - v)( V, n A)1 = I(P - v)( V., n A) + (P - v)(( V*\ V,,) nA)l 
~~((VLY\V~,)n~)f~((Vn\Vr*,)nA) 
~~(V~\V~,)fV(V~\e/,,)~2/n; 
for a c a0 we have that 
~(v,)=~(K)=~ 
We repeat his for every choice 
fSaroSqS* l ‘G2!ac,_*sy. 
Choose 
G”*m(ato, CYI 9l l ., am-l) 
a dense Gs subset of 
n Q;m*i 
jCm 
so that for any 
6 E Gn*m(ao, (~1, l l l 9 am-,) 
and any g, v E @(b) we have that 
l(~~-v)W,nE)lWn 
for all A E B and all a. The set 
H n,m=U{Gn*m(ag,a~,...,am_~): l~ao~al~~ l =<a,_,<y} 
contains a dense GS subset of Bn,m, 
H-fWKm . n m 
contains a dense GS subset of B and for 6 E H, CL, u E a(b), 1 s a s y and A E B 
~(V~nA)=u(V,nA). 
It follows that for 1 s /3 s a G y 
PiWa\V,)nA)= 
The remark before Lemma 
and v agree on A’. 0 
4 v,\ y3) n 4. 
2.4 concerning the representation of A(T) says that p 
Theorem 8.8. Let T be compact and @ a minimal USC compact valued map defined ors 
the Baire space B taking values in M+( T). Suppose that {C,, : p E N} is a sequence in 
D(T) and UP = ( UP,a! : 1 s a s y,,} is a sequence of woofs in T. Let A be the smallest 
u-algebra of subsets of T that is stable under the Souslin operation and contains 
u q4q= 
l~p<CO 
Then 
(6 E B: @( 6) is constant on each A E 
contains a dense G6 subset o_f B. 
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Proof. Let { VP : p E N} be a sequence of open sets such that each Cj is in the smallest 
a-algebra containing { VP}. Define 
wp L’ 
u P/2 for even p, 
0% 4p+1)/2, T} for odd p, 
and define 
v, = l and V,,+l=V,,* 
There is a dense GG subset H, of B such that for 6 E H, and p, Y E G(b), we have 
that p and v agree on V,. For fixed b E n, H, and p, v E G(b), we harre that p and 
vagreeonlJ,a(V,);since Vnt n+l Eq agree on the smallest a-algebra 
under the Souslin operation co& __I .rlg U,, a( V,,). Define 
“=(AA N: AEA’and(g+v)(N)=O}. 
From Definition 8.1 and Lemma 8.6 we have that 
U c A”. 
ti 
Thus, A c A” because A” is stable under the Souslin operation. The proof is 
complete. Cl 
Theorem 8.9. Denote by the class of completely regular spaces uch that T is in 
if and only if T has a countable number of woofs that separate its points. If T is in 
then 
(i) M+( T) is in 
(ii) any perfect image of T is in LX 
Proof. If T is in D let { Un} be a sequence of woofs that separate the points of T. 
We may assume that Un+l refines Un. Let [ 1, yJ be a sequence of ordinal intervals 
so that 
={Unp l=aS y”). 
If we choose an ordinal y > ‘yn for all n and define U,,, = T for (Y > ‘yn then we 
may assume that ‘y,, = y for all n. For each rational r > 0, each n E N and each a! < y 
define 
w-z,* ={~:cc~O,CL(T)>~,~(U,,,)>~} 
and 
Clearly, for each n and r 
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is a woof. Suppose that p and v are in M’(T) and 
cc E ML,, if and only if v E ML,, . 
This implies that p( U,,,,) = v( U,,,) for ail n and all (Y. Therefore, p and v agree 
on the smallest a-algebra containing Un Un. The remainder of the details are exactly 
like those of Section 7. Suppose that p : T+ S is perfect onto. Define 
V n.a = {s E s: p-‘(s) E unva} 
and 
vn = 1 K.a : 1 s CY s y,}. 
Suppose that s, and s2 are in S and 
P%,) E UP,,, if and only if p-‘( s2) G Qa. 
Define 
a” = min(cu: p-I(s,) c_ Un.a}. 
Since each p-‘(si) is compact it follows that 
o#Ki”=p-‘(sijn . n T\U,,, . . 
@<a,, ) 
Since U,, I refines Un it follows that for each i and each n 
&+I C K.n- 
Choose ti en, Ki,n. Observe that for each n, 
For each n, t, and t2 belong to the same atom; this proves that CI, = tz ~2 
p%,) n p%J f 8 
and this completes the proof of (ii;. 0 
The following combines the results given here with those of [35]. 
Theorem 8.10. Let T be a space that is k-analytic and has a countable number of woofs 
that separate its ts. Suppose that is compact, S c K and f: T + S is continuous 
and onto. Then ), the space of (signed) measures on K supported on S, belongs 
to C. 
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Proof. We know that M+(T) is in C It shown in [35] that ‘(T) is also 
k-analytic, when considered as a subset of 
+:R*x(M+(T))*+M(~T) 
bY 
$(a, b, p, u) = ap + bu. 
The image A of 1(/ is also k-analytic and in C. Denote also by f the canonical 
extension off from BT to K. The canonical operator from M( p T) to 
A onto M(S) which must also be in C (details are in [35]). Cl 
Theorem 8.11. Let X be a Banach space and K a weak* compact and convex subset 
of X*. Suppose f : T + X* is weak* continuous, E c.f( T) where E is the set of extreme 
points of K and T is k-analytic with a countable number of woofs that separate its 
points. Then K is in C. 
Theorem 8.12. If a space T is in D and is a Baire space then it contains a dense G8 
subset that is homeomorphic to a metrizable Baire space 
Proof. Let d be the metric defined as above with respect to the countable number 
of woofs U” = { Un =} and let l (A, ,} be the associated atoms. It is routine that . 
G=nuintA,, 
n a 
is a dense Gs subset on which the given topology and the topology determined by 
d agree. •I 
Theorem 8.13. A space T is in C (respectively, in 
en cover ( LJa} of T such that each Ua is in C ( 
(respectively, in D) if and only if there exists a sequence ( T,} 
T such that each T, is in C ( respectivel_y, in D ?a 
there exists an 
A space T is rn 
( T) that covers 
Theorem 8.14. Suppose A is a set, XA is a Banach space and XT in its weak* topo?~gy 
is in D for each h E A. Suppose I< p < 00. Then if Y = (Ch Xh )lP we have that Y * is 
in D. Also, if Y = (CA Xh )% then Y* is in D. 
Proof. Define 
We shall show that 
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in the weak* topology of Y * is in D. For each i let UA,n = {U*,“,,} be a sequence 
of woofs that separate the points of Xf and for each rational number t we shall 
denote by Wr,A the subset of 2 defined by 
Assume that A is well ordered. For each n E IV, each rational r and each (A, (u) E A x r 
define 
and 
V r,A,n,a = ( U wr,Z U ( wr.A n fiA.n.ff) l 2<A ) 
We put the dictionary order on A x E The remainder of the proof is routine. 0 
9. Examples 
It is much easier to prove something about the class C than to determine whether 
or not a particular topological space is in C. For the remainder of the paper see 
[35,7,26,27,25] for definitions and bibliography. Let X be the class of all Banach 
spaces uch that X* (in the weak* topology) is in C At this point we know that if 
X is in X then any subset T of X* that has a tactic in the weak* topology has a 
dense subspace M that is homeomorphic to a complete metric space. 
In this section we shall denote by D the class of HausdorfI spaces that have a 
countable number of woofs that separate points. As we have seen, in several different 
ways, metric spaces are in D. Indeed, it is easy to see that developable spaces are 
in D; hence, aii ‘Moore spaces, a class which contains many unusual examples as 
well as being a class for which there are important undecidable propositions, arc 
also in D (see [25] for definitions and background material). 
The class C was designed to contain the following spaces: T TV d iopolagicai 
space that is homeomorphic to a subset of X *, X* has the weak* topology, where 
X is a Banach space such that X* has the Radon-Nikodym property [35]. In fact, 
D contains hereditarily dentable subsets of Banach spaces. Namioka has character- 
ized compact spaces homeomorphic to subsets of dual Banach spaces having the 
Radon-Nikodym property as those compact spaces having a lower semicontinuous 
fragmenting metric (defined to be Radon-Nikodym compact). If a compact space 
T has no measures except purely atomic measures then it is a Radon-Nikodym 
compact. Let T = [ 1, o,] be the first uncountable ordinal interval with the order 
topology. Clearly, o1 is in the closure of [ 1,~~) but is not the limit of a sequence 
in [ 1, ol), which shows that T is not a Corson compact. The Banach space C(T) 
is an Asplund space because T supports M non atomic inner regular Bore1 measures. 
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As pointed out to us by Gruenhage and others it is quite easy to see that T is not 
a G-space. We shall briefly outline this fact. Suppose T admits a decomposition 
satisfying (i) to (iii) above. Define 
s??= 7.\(Uwe UJ) 
and partition N as follows: 
(i) N, = {n E N: T, is countable}; 
(ii) N2 = {n E N: n E N, , Sn is countable}; and 
(iii) N3 = lV\( N1 u N*). 
Choose /3 < o1 such that 
For each n E NZ, U,, is an open cover by pairwise disjoint sets of the uncountable 
compact space T, n [p, a,] so there exists Un E Un such that 
T” fm An U” 
is closed and uncountable. Thus, 
C= 
is an uncountable subset of [ 1, o,] and 
(T,nU:nEf+JandUEU,,} 
does not separate the points of C. 
If r is a set we shall denote by IT(r) the r-fold product of [O, l] and Z(1-) c IT(r) 
is that subset of IT(r) consisting of countably supported elements. We recall that 
a Corson compact is a compact space that is homeomorphic to a subset of Z(r) 
for some P: The canonical examples of spaces that are not in C are II(r) where r 
is any uncountable set. It is a result of Cers~n {bee [25]) that if K is a Corson 
compact hen C(K) is Lindeliif in the simple topology. 
The dictionary square has cardinality of the continuum but is not in the class 
(see [34]). Any space of cardinality no greater than that of the continuum satisfies 
the hypothesis of Lemma 7.1. 
An amalgamation of examples of Haydon, ‘Falagrand and Kunen (see [25] for 
complete details and references) shows that, assuming the continuum hypothesis, 
there exists a Corson compact K such that K contains no dense metric space; thus 
C( K ) is not in X. An example is given in [44] of a Corson compact hat has no 
dense metrizable subspace using no special axioms of set theory. An example is 
given in [ 123 of a Gruenhage space that is not a Corson compact. There is a separable 
compact space which is the union of a countable number of Eberlein compacts but 
is not metrizable, hence not a Gul’ko compact. Pal [2P] has an example ai.6 +?Y arable 
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compact dispersed space K (hence C(K)* has the Radon-Nikodym property and 
C(K) is in X) but C(K) is not LindelSf in the simple topology. Interestingly, the 
example of Pol is different from that of James described below because the space 
X contains a complemented subspace isomorphic to the separable Hilbert space. 
If K is dispersed, then C( K ) contains no non-trivial reflexive subspaces. For more 
details about the next two theorems ee [38] and its references. 
Theorem 9.1 (James [ 161, see also [20]). There exists Q separable Bunuch space X 
such that (i) X* is not separable and (ii) X ** has the Radon-Nikodym property. 
Theorem 9.2. If we define 2 = X”, where X is space of James us defined above, then 
the Bunuch space Z hus the properties that Z* has the Radon- Nikodym property (thus 
Z is in X) but Z is not isomorphic (linearly homeomorphic) to any subspuce of C( K) 
if C( K ) is Lindeliif in the simple topology. It follows that there exists u compact space 
K such thut C( K ) is in X but C( K ) is not LindelGf in the simple topology. 
As we have remarked, the class C was defined so that Banach spaces whose duals 
have the Radon-Nikodym property and weakly compactly generated (in particular, 
reflexive) Banach spaces are in X Debs [6] proved a result much stronger than the 
fact that weakly k-analytic spaces are in X. Gruenhage [12) used the work of Gul’ko 
[ 131 and Sokolov [31] to analyze the unit ball of X* in its weak* topology if the 
Banach space X in its weak topology is the upper semicontinuous image of a 
separable metric space. An obvious consequence of this work (see also [45,21]) is, 
using our terminology, that such Banach spaces belong to our X. Fundamental to 
the work of Vasak, Gul’ko and Sokolov is the theorem of Amir and Lindenstrauss 
PI- 
10. Cul’ko compact spaces 
Amir and Lindenstrauss [ 1 j proved that a weakly compact s&se+ of ;. Runa& 
space is weakly homeomorphic to a subspace of some co(T) for some f; hence, 
weakly compact spaces (Eberlein compact spaces) are Corson compact. Gul’ko [ 131 
proved that if C(K) is weakly countably determined then K is a Corson compact 
(see also [45,21,24,42]). Surprisingly short proofs of these results can be found in 
1401 . 
Definition 10.1 [45]. A Banach space X is weakly countably determined (wed) if 
there exists a sequence {K,,} of weak* compact subsets of X** such that for every 
x E X there exists 6 E Nrm so that 
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The following is known and can be found, for example, in [40]. 
Lemma 10.2. Let X be a Banach space. The following are equivalent: 
(i) X is weakly countably determined; 
(ii) there exists a separable metric space M and an USC compact (in the weak 
topology) valued map @ dejned on M such that X = UIEM Q(t); 
(iii) there exists a separable metric space M and a map @ : M + 2x such that G(F) 
is relatively weakly compact for any compact subset F of M and UIE M G(t) separates 
the points of X” and 
(iv) if X = C( K ), the space of continuous functions on the compact space K, there 
exists a separable metric space M and a map @ : M + 2x such that @( F) is bounded 
and relatively compact in the simple topology for any compact subset F of M and 
UtEM G(t) separates the points of K. 
Definition 10.3. A compact space K such that C(K) is weakly countably determined 
will be called a Gul’ko compact or a Vasak compact. 
If T is a completely regular space then VT will denote the I-Iewitt real compac- 
tification of T (see [7]). A boundary point of VT is a point in vT\T Since the 
defining property of VT is that each real valued continuous function on T has a 
unique extension to VT we shall make no notational distinction between acontinuous 
f: T + R and its extension to VT If T is completely regular, then a subset E of T 
is bounding if every continuous real valued function on T is bounded on E; clearly, 
this is equivalent o E being relatively compact in VT Lindeliif spaces are real 
compact (see also [I I]). 
Theorem 10.4. Suppose that T is completely regular and Cp : M -3 ,# ( T) is a map _from 
the separable metric space M such that 
ii) UmcM @(m) = T; and 
(ii) U”EK G(m) is bounding -for ewy comp~t k’i z M. 
Then VT is the upper semicontinuous compact valued image of a separable metric space. 
Proof. For each f E C(T) and each m E M define 
h(cf;m)= lim sup f(t) 
m’-+m rE@(m’) 
which is finite. Define !P : M + p( VT) by 
*(m)=n{sEvT: -A(-.L m)~f(sFUf, m% 
Clearly, !P( M) is compact. Given any m E anyfEC(T) and any a)A(f,m) 
there exists a neighborhood W of m sucta that J(t) < a for t E P( w’) md m’ E W 
Since any neighborhood of !P( m) is determined by a finite number & FunL-:ions 
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{A} and a finite set {ai} with ai > A(A, m) we have proved that ?P is USC. Thus, the 
image !P( M) of !? is LindelSf and 
Since VT is the smallest real compact space containing T it follows that ?P( M) = 
VT u 
For a bibliography concerning the following, see [31]. The equivalence of (i), 
(iv) and (v) be1 ow follow from the above and are due to us. 
Proposition 10.5. Let T be a completely regular space. The following are equivalent: 
(i) there exists a separable metric space M and an upper semicontinuous compact 
valued map @ : M + (T) such that T=UmEM@(m); 
(ii) there exists a uence of subsets { T, : n E N} of T such that if U is any open 
cover of T and I = {N E N: T, is covered by a finite subset of U} then T = Unc I T, ; 
(iii) the same as (ii) with the additional assumption that each T, is closed; 
(iv) T is real compact and there exist a separable metric space M and a mapping 
( T) with theproperties that T = UmE M G(m) and @( K ) is relatively compact 
mpact subset K of M; and 
(v) T is LindelCf and there exist a separable metric space M and a mapping 
@:M+ (T) with the properties that T = UnkEM @(m) and G(K) is relatively 
countably compact for each compact subset K of M. 
Proof. It is easy to see that (i) implies that T is Lindeliif. We begin by showing 
that (ii) implies (i). For each t E. T define 
I(t)=(n: tE T,), 
K(t)= n T, 
nel(r) 
G = {(t, 5): (t, 5) E T x N” and t(N) = Z(t)}. 
Wz need to show that each K(t) is compact and if K(t) e W where W is open 
then there exists A z Z(t) that is finite such that 
K(t)c_ n ES W. 
nE,i 
Fix some t E T, let U be any open cover of K(t), and let V be any open cover of 
K(t) such that for each V E V there exists a U E U such that k U. By hypothesis 
there exists m E I(t) such that T, has a finite subcover from Vu {T\ K (t)}. Then 
z has a finite subcover from U u {T\ K (t)} and K(t) has a finite subcover from 
U. Suppose that K(t) E W where W is open. Since K(t) is compact here exists U 
open such that 
The topology of certain spaces of measures 107 
Then 
W={T\(T,n(T\U)): me I(t)) 
is an open cover of T. There exist A c J(t) finite and q E I(t) such that Tq is covered 
bY 
{T\(T,n(T\U)): men}. 
This means that 
It follows immediately that (i) implies (iv) and (v). Suppose that we have (iv). Let 
{ W,, : n E N} be a basis for the topology of M and let T, =m. Define I(t) and 
K(t) as above. With nearly the same details as above, it can be shown that each 
K(t) is compact and if K(t) c W where W is open then there exists A ,c I(t) that 
is finite such that 
It follows that we have (iii) and that T is Lindeliif, from which (v) follows. El 
Definition 10.6. We shall call spaces satisfying Proposition 10.5 Lindelijf Sigma 
spaces and denote them by L-2 spaces. 
Corollary 10.7. The completely regular continuous image of a L-2 space is a L-C 
space. The countable union of L-C spaces is a L-C space. The countable product of 
L-C spaces is a L-C space. A closed subspace of a L-C space is a L-C space. 
Clearly, the second condition below is equivalent to: there exists a bounded subset 
T of C( K) that may be decomposed T = UneN T, such that for any k E K if we define 
ik={ndN: {f E T,:f,(k)#O)isfinite] 
then T = !JnE fI, T,. A consequence of the following is that a Gul’ko compact is a 
Gruenhage compact. A prototype for the following result is in [30]. 
Theorem 10.8 (Gul’ko, Sokolov). Let K be a compact space. Then C(K) is weakly 
countably determined if and only if there exists U = Un , a To family of open F, 
subsets such that for any k E K if 
I = ( m : k is in onlyfinitely many elements of 
then u=U~~I Um- 
Proof. Let T be a subset of the unit ball of 
{f E T: If dp # 0) is countable for each ,U E C 
arates the Bz0int.s of
that the zero function is in T By including f v 0 and (-f) v 0 we may assume that 
OGf G 1 for all f f T. Let 
R:C(K)-*c,,(A) 
be a continuous and one to one linear function. Denote by (e, : 6 E A} and { eg : 6 E A} 
the respective canonical bases of cO( A) and tI( A). For each f c T, let A (f ) 5 A be 
the support of R(f ); that is 
A(f)={&A: eb(R(f)#O}. 
Fix fi E T and let 
S,={fET:A(f)nA(f,)f0}. 
Since R*(eg) is only countably nonzero on T we have that S, is countable. Let 
4 = lJ.@q A(f) and define 
:s2 = (f E T: A(f) n Al f 0) 
which is also a countable set. We construct countable sets Sn c_ T and A, z A such 
that for f E Sn we have that A(f) c A,, and 
S n+l=if~T:A(f)nA,ZO). 
Let Te = Un Sn and A, = Un A,. Then we have that f E Te if and only if A(f) G A, 
if and only if A(f) n A, # 0 for each f E T. We may define partition T = Ue Te and 
A = tJe A, into disjoint sets this way. Since each Te is countable, let T” c T such 
that Tn n To has at most one point and T = UnEN T,. We assume that the zero 
function is in each T,. Observe that, for each n, (R( f ): f c T,) is a disjointly 
supported and bounded set that contains the zero vector, thus a weakly compact 
subset of c,(A). Since R is one to one it follows that each T, is a weakly closed 
subset of C(K) and a L-C space in the weak topology. Let Tn = Urn T,,, be sets 
that satisfy Proposition lOS(ii). Let 0 < P < 1 be rational and let 
and let 
u={If’rl:f~ Ll, , n, m E N, and 0 < r < 1 is rational}. 
Clearly, U is a T0 family of open F,, sets. Fix k E K and let 
I = {(r, n, m): k is in only finitely many elements of Ur,,,.M}. 
Fix n E N and a rational 0 < r < 1. If f # 0 is in T,, and we choose any S in A(f) we 
have that R*(ez)(f) # 0 and R*( et)(g) = 0 for all other g in rl. Thus, each non 
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zero element of T, is an open subset of Tn. We shall define a weak open cover 
V = { VO, V, , . . .} of T, in the following way: let 
and Vi be one point subsets of T, such that 
u y={fE T,:f(k))r}. 
jGN 
By definition T, = U {T,,, : Tn.,, has a finite cover from V}. If Tn,m has a finite cover 
from V then (r, n, m) is in 1. We have proved that 
u = u Ur.n.m- 
(r4.m k 1 
Suppose that U = Un Un is a To family of open F, sets such that for any k E K if 
Z = {m : k is in only finitely many elements of Um )
then U = UmEl U,. Analogously, assume that the empty set is in each Un. For each 
U E U let fv : K + [0, l] be a continuous function such that (f # 0) = U and define 
T, = { fU : U E U,,). For each finite K c N let TK = n,, K T,. Let F c_ K be finite and 
V={feC(K):If(k)l<&forallkEF}. 
For each k E F let Z(k) = {m: Um is finite at k}. Let 
.Z=(K: KnZ(k)#@forall kE F}. 
Clearly, Un Tn = UKE., T,. Also, TK\ V is a finite set for each K E .I. From Proposition 
10.5 we know that U, T, is a L-C space and separates the points K, thus C(K) is 
weakly countably determined. 0 
11. Some remarks 
As we well know by now, a Baire space is a tog~!agical ;pace such that no non 
empty open subset is first category. A barely Baire space, terminology for which we 
are not responsible, it being found in [g], is a Baire space T such that there exists 
another Baire space S such that T x S is not a Baire space. Oxtoby, assuming the 
continuum hypothesis, showed that there exists a metrizable barely Baire space, 
and Paul Cohen, as one of the earliest applications of forcing, showed that such 
an example must exist within the usual axioms. See Fleissner and Kunen [S] for a 
bibliography, where a method is given for constructing metrizable barely Baire 
spaces of any density character greater than wl . Suppose that M is a Baire metrizable 
space and suppose that M is a Baire property set in some compactification. A
particular case of this, according to the Szpilrajn-Marczewski theorem, is that there 
exist a compact space T and Ss T that is homeomorphic to M and S is in the 
smallest o-algebra containing the open sets and stable u er the Sous&d opPr?ion. 
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Suppose that M = U A F in some compactification T where U is open and F is 
first category. We assume that M is dense in T It follows that U is dense in T 
Suppose that {T,) is a sequence of closed and nowhere dense sets such that 
FE Un Tn. Then U\U,, T, is tech complete and a dense subset of M. A tech 
complete and metrizable space is homeomorphic to a complete metric space. This 
proves that M is not barely Baire (see, for example 1461). Thus, a barely Baire 
metrizable space is not a Baire property set in any compactification. Our class C 
contains the metric spaces, thus it does contain barely Baire spaces, and from the 
results of Section 6 we know that any barely Baire space in C cannot be a Baire 
property set in some compact space. This indicates that the structure of the class 
of non metrizable spaces in the class C could be even more complicated than the 
metrizable subclass. 
Independently, the idea of refining woofs, using a different vocabulary, was used 
in [29]. A result similar to our Theorem 8.9 for compact spaces appears in [29]: 
the techniques there seem to require further refinement to work in the case of non 
compact spaces. One interesting observation of 1291 is that in a regular space T one 
can refine a woof in a stronger sense. . Qppose that we have a woof U = { U, : a s y} 
in a regular space T Let V = {V, : a s y} be a well ordering of all the open subsets 
of T (for convenience, we assume that the index sets are the same). Define 
and 
w = { Wa,,cq: (a*, 4 E l-x n. 
The woof W defined in this way has the property that if A is an atom of W then 
A’ is contained in an atom of U. Suppose that T is a tech complete space that has 
a sequence of woofs V, that separate its points. Let T, be an increasing sequence 
of compact subsets of PT such that PT\(U, T,) = T. Define 
V,,=(V: Visopenin Tand f@‘oT,=@}. 
Combine our previous results with the observation above to produce a sequence of 
woofs W, such that W,,, refines W, and if A is an atom of W,, then A’s V for 
some V in Vn. If we take the metric defined by the sequence Wn then this metric 
d has two additional properties: it generates a topology finer than that of the given 
topology on T and T is complete in this metric. By using the results of [ 17,411 we 
obtain the following: suppose that B is a complete metric space (completeness i
not necessary, because one can extend to completions by means of Lavrentieff type 
techniques [35]) and @: B + c(T) is upper semicontinuous and compact valued 
then there exists a (single valued) function f: B-t T that is in the first Baire class 
with respect o the metric d and j(b) E @{h) for all b E B. 
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